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Self-assembled monolayers (SAMs) on single-crystal Si wafers have been used as substrates
for the deposition of oxide thin films. The organic surface has been shown to be effective for
promoting the growth of films from aqueous solutions at temperatures below 100 °C. In the
present study, the formation of a titanium complex in the presence of H2O2 is used to stabilize
an otherwise spontaneously precipitating aqueous titanium solution. Uniform titania films
have been formed at 80 °C on sulfonated SAMs, whereas hydroxyl and amine functionalities
led to inhomogeneous coatings. The films were characterized by a variety of techniques,
including ellipsometry, RBS, AFM, SEM, and TEM, to determine the thickness, topography,
microstructure, and chemical composition of the films. An electronegativity-pH diagram is
used to explain how the composition of the deposition solution is reflected in the final thin
film, both for the present films and for titania films reported earlier in the literature. Finally,
the current understanding of the film formation mechanism is discussed.

I. Introduction
Titania is well-known for its high refractive index,

permittivity, and transmittance of visible light. These
properties make it suitable for many applications such
as use in dielectric layers in microelectronic devices,1
oxygen sensors,2 and high-efficiency catalysts.3 A num-
ber of vapor-phase deposition techniques have been
previously used to form high-quality TiO2 films. How-
ever, these techniques have several shortcomings, such
as expensive vacuum equipment, the need to heat the
substrates to crystallize the films, and the limitations
of line-of-sight deposition. Sol-gel solution routes with
alkoxide precursors have been successfully used to coat
films on complex-shaped substrates, but postdeposition
treatment at temperatures typically >400 °C is required
to form thermodynamically stable phases.4

As a consequence, there has been a growing interest
in low-temperature thin film deposition techniques from
aqueous solutions during the past decade.5 A more
recent, bioinspired strategy in this context is to focus
on substrates previously coated with organic self-
assembled monolayers (SAMs). SAMs are ordered mo-
lecular assemblies formed by the chemical adsorption
of an active surfactant on a solid surface. It is believed
that the functional surfaces can behave analogously to

proteins in biological systems to promote the deposition
of an inorganic phase: SAMs have been shown to be
effective surfaces for promoting the formation of oxide
thin films from aqueous solutions at temperatures below
100 °C, in cases where film formation was not possible
without an underlying SAM. The oxide films, including
nanocrystalline TiO2,6,7 ZrO2,8 V2O5,9 ZnO,10 Fe3O4,11

and SnO2,12 are adherent and microstructurally uni-
form.

In earlier depositions of titania thin films on SAMs
from aqueous solutions,6 highly acidic solutions, such
as 0.5 M TiCl4/6 N HCl, were necessary to prevent the
solution from spontaneous bulk precipitation. Films
with a typical thickness of <60 nm could be formed in
2-4 h on sulfonated SAMs. The films consisted of
densely packed, randomly oriented TiO2 (anatase) crys-
tals that were 2-4 nm in diameter. Later, Huang et al.13

adapted this procedure to deposit titania thin films on
SAM-coated industrial glass. Patterned titania films
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have been formed after photolysis and oxidation of
thioacetate-terminated SAMs through a mask (i.e., to
sulfonated areas), followed by immersion in TiCl4/HCl
solution, which left the non-oxidized areas uncoated by
titania.14 Koumoto et al.15 deposited TiO2 from hexaflu-
orotitanate solution (following Deki et al.16) using a
patterned phenyltrichlorosilane SAM as the substrate.
Areas where the SAM had been removed via Si-C bond
photocleavage were coated by a film, while the deposits
on the SAM could be easily removed by ultrasonication.
Baskaran et al.7 used an aqueous titanium lactate
solution to deposit titania films on sulfonated SAMs and
plastic surfaces with high deposition rates.

In this paper, we describe the preparation of titania
thin films deposited from aqueous solutions stabilized
by complexation with an inorganic ligand. In the pres-
ence of hydrogen peroxide and at a pH < 1, stable
monomolecular hydrated [TiO2]2+ is formed through the
η2 coordination (side-on) of O2

2- to Ti4+.17,18 In the range
1 < pH < 3, deprotonation and condensation of the
cation led to slow deposition of an amorphous precipitate
of peroxotitanium hydrate TiO3‚1.5H2O. Above pH ) 3,
rapid neutralization and condensation of anionic species
occurred. Cathodic electrodeposition (i.e., pH shift by
electrogenerated base formation) from such a solution
was reported by Zhitomirsky and Gal-Or.19 The amor-
phous precipitate was transformed to anatase by heat
treatment at 400 °C. In contrast, films have been formed
by electroless deposition under acidic conditions (pH <
1) in the present work. The influence of different
functionalized SAMs on the nucleation and growth of
the films was investigated.

II. Experimental Section

Film Deposition. The substrates were p-type {001} single-
crystal Si wafers, polished on one side and approximately 10
mm × 10 mm in size. These wafers were cleaned and oxidized
in piranha solution (70 vol % of H2SO4, 30 vol % of 30 wt %
H2O2 aqueous solution). The wafers were then dipped into 1,1′-
bicyclohexyl solution containing 1 vol % of the surfactant
(trichlorosilylhexadecane thioacetate or -nitrile and ω-hepta-
decenyltrichlorosilane) at room temperature under inert at-
mosphere for several hours, during which time the SAM
formed spontaneously. Finally, the wafers were thoroughly
washed in chloroform to remove all traces of excess surfactant.
(Further details of the synthesis of the SAMs on Si can be
found elsewhere.20-22)

To convert the thioacetate into a sulfonate (-SO3H) func-
tionality, the wafers were immersed in oxone (potassium
hydrogenmonopersulfate, Merck) for a minimum of 4 h at room
temperature.21 The nitrile functionality was transformed into
an amino (-NH2) functionality by reduction with a saturated
solution of lithium aluminum hydride in diethyl ether for 15
h at room temperature and subsequent quenching with 5 vol
% hydrochloric acid.20 The vinyl group of ω-heptadecenyl-

trichlorosilane was hydroborated with a boran-tetrahydrofu-
ran complex for 2 h and subsequently quenched to an -OH
functionality with 30% H2O2/0.1 N NaOH.22 XPS and contact
angle measurements were used to confirm the success of these
conversions.

Freshly distilled TiCl4 (0.1 mol) was added dropwise to an
ice-cooled aqueous solution containing H2O2 (0.2 mol). Stock
solutions of 10 mM TiO2

2+ and 0.12-0.15 N HCl (excluding
acid from TiCl4 hydrolysis) were prepared from this solution
and hydrochloric acid. The SAM-coated substrates were im-
mersed in 10-mL aliquots of this solution, covered, and then
placed in an oil bath at 80 °C. Samples were immersed for
between 4 and 6 h, in the horizontal or vertical orientation.
(No visible bulk precipitation occurred during such deposi-
tions.) Finally, the samples were washed with distilled water,
ultrasonicated, and dried with a stream of dry argon gas.
Control experiments were done with piranha-oxidized Si
wafers (i.e., without SAMs). Precipitate that was formed in
the deposition solution after it was aged at 80 °C for 3 days
was collected and air-dried.

Film Characterization. The films were analyzed using
X-ray photoelectron spectroscopy (Perkin-Elmer ESCA 5400).
Film thicknesses were measured using ellipsometry and RBS
(NEC 5SDH). A Digital Instruments Nanoscope III AFM was
used in tapping mode; scans were taken in air at room
temperature. A Zeiss DSM 982 Gemini field-emission scanning
electron microscope (SEM) and a JEOL JEM 2000FX instru-
ment (TEM) were used to characterize the microstructure of
the films. TEM samples were prepared following ref 23. The
visualized section of the film is found on top of epoxy as an
artifact of the TEM sample preparation. Electron diffraction
was employed for phase identification. Grazing-incidence X-ray
diffraction patterns were recorded on a Siemens D5000 instru-
ment.

III. Results

Film Growth Conditions. Adherent titania films
were formed on sulfonated SAMs from 10 mM TiO2

2+

solutions with added 0.12-0.15 N HCl at 80 °C in 4 h.
In these experiments, silicon substrates were oriented
horizontally during deposition. The films showed a
uniform interference color. Ellipsometric and RBS in-
vestigations revealed a roughly linear dependence of the
film thicknesses on the acid concentration used (Figure
1). Lower acid concentrations led to visible bulk pre-
cipitation during deposition. Even when no visible bulk
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Figure 1. Dependence of film thicknesses on the acid
concentration used (10 mM TiO2

2+, 4 h of deposition at 80 °C,
horizontal orientation).
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precipitation occurred during film growth, film quality
was improved by vertical orientation of the substrates.
However, films formed in this orientation were found
to be notably thinner than those formed in the horizon-
tal arrangement, e.g., 50 nm in contrast to 100 nm (4 h
of deposition with 0.14 N added HCl).

In the XPS spectra, signals for Ti (464.7 and 459.0
eV) and O (530.8 eV) were detected. (Peaks were
calibrated using the characteristic C1s peak at 284.6
eV.) If sulfonated SAMs were used, complete coverage
by the film could be inferred from the absence of Si
signals. Both the shoulder of the O1s peak and the ratio
of the XPS oxygen and titanium signals, which exceeded
the stoichiometry of 2:1 for TiO2, indicate the formation
of hydrated oxide. RBS curve fits evidenced the incor-
poration of 0.4-0.8 equiv of H2O per mol TiO2, in
agreement with the XPS measurements.

Influence of Different SAMs. Different function-
alized SAMs were used under otherwise identical ex-
perimental conditions. Figure 2 shows SEM micro-
graphs of films deposited on -SO3H, -NH2, and -OH
functionalities, for 4 and 6 h of deposition at 80 °C. On
sulfonated SAMs, a uniform film of densely packed
particles was formed in 4 h. The morphology of the films
did not change during further film growth. In contrast,

hydroxyl and amino functionalities led to islandlike
growth. These islands were 70-200 nm in size after 4
h, and uncoated substrate (i.e., the SAM) was found
between them. The islands seemed to grow together if
the deposition was continued, so that the final films
consisted of domains. Such films were partially optically
opaque, whereas films on sulfonated SAMs were always
specularly reflecting. No attempts to measure the
adherence of the films were made; however, all samples
were ultrasonicated before being dried to remove loosely
attached particles. Control experiments showed that
films were not formed on piranha-oxidized silicon
wafers.

Films Deposited on Sulfonated SAMs. Atomic
force microscopy was used to analyze the surface
topography of a titania film deposited in 6 h from 10
mM TiO2

2+ and 0.14 N HCl at 80 °C on a sulfonated
SAM (Figure 3). The AFM image reveals a dense
packing of agglomerates that are 50-100 nm in width
and had height variations of 50-60 nm. Such topogra-
phy is typical for the whole specimen, and similar
topographies were reproduced in other samples. The
statistical roughness parameter remained lower than
the height variations (rms ) 15-18 nm, depending on
the investigated area), supporting the idea that the

Figure 2. SEM micrographs of TiO2 thin films on different functionalized SAMs after 4 (left) and 6 h (right) of deposition at
80 °C.
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coating’s topography is very uniform. SEM micrographs
of the same specimen are consistent with the AFM
results. Films that had been annealed at 300 or 500 °C
for 2 h in air showed no significant difference in SEM
micrographs compared to those of the as-deposited films
(Figure 4).

Cross-sectional TEM was used to investigate the
microstructure of the as-deposited films. Figure 5 shows
a micrograph of the specimen previously investigated
by AFM (see above). The micrograph indicates a nanoc-
rystalline and pore-free film that is 55-75 nm thick.
The height variations are consistent with the previously
described AFM and SEM results. The crystallites were
identified as anatase from the lattice fringe spacings
(Table 1).

Precipitate that was formed after the solution was
aged for 3 days at 80 °C was found to be X-ray

amorphous (data not shown). Likewise, diffraction peaks
were absent in grazing incidence XRD of as-deposited
films, whereas the GI XRD pattern showed the most
intense peaks of the anatase structure after the samples
were annealed at 500 °C (Table 1), indicating further
crystallization and grain growth during annealing.

IV. Discussion

Hydrolysis of Metal Salts in Aqueous Solution.
The aqueous chemistry of a metal salt is, in general,
much more complicated than the hydrolysis of the
corresponding metal alkoxide. Several monomeric or
condensed species exist simultaneously in the aqueous
medium, depending on parameters such as pH, concen-
tration, and temperature. The structure and composi-
tion of the solid phases depend on the presence of anions
even when they do not seem to be involved in the
chemical process. For example, whereas the thermohy-
drolytic precipitation from sulfuric acid solutions of

Figure 3. AFM image of a titania thin film on sulfonated
SAM, deposited in 6 h at 80 °C, indicating roughness on a
submicron scale.

Figure 4. SEM micrograph of a titania thin film on sulfonated SAM, deposited in 6 h at 80 °C, after 2 h of annealing at 500 °C
in air.

Table 1. Electron and X-ray Diffraction Pattern Analysis
of As-Deposited and Annealed TiO2 Filma

measured d spacing (nm)
X-ray powder diffraction pattern

of anatase (JCPDS file no. 21-1272)

electron
diffraction GI XRDb d (nm)

rel.
intensity {h k l}

0.356 0.349 0.352 100 101
0.243 10 103
0.238 20 004
0.233 10 112

0.187 0.189 0.189 35 200
0.170 20 105
0.167 20 211
0.149 4 213

0.146 0.148 14 204
0.128 2 107

a For the electron diffraction pattern, the camera constant was
calibrated using the Si substrate as an internal standard. b After
annealing for 2 h at 500 °C in air.
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titanium salts produces only anatase, the formation of
both anatase and rutile is possible from hydrochloric
or nitric acid solutions, depending on the acid concen-
tration.24 Henry et al.25 provided a quantitative rela-
tionship between hydrolysis and electronegativity (based
on a so-called partial charge model) that is used here
to explain how thin titania films reflect the chemical
natures of their aqueous deposition solutions.

In general, the condensation of hydrolyzed metal ions
follows two main mechanisms, olation and oxolation,
leading to the formation of ol and oxo bridges, respec-
tively.

The stability of the M-OH bond and the occurrence
of olation rather than oxolation is found to depend on
the electronegativity of the solvated metal ion.25 Briefly,
hydrolyzed cations with electronegativities øM between
two critical values ø*OH and ø*O condense both through
olation and through oxolation, leading to hydrous oxide
precipitation (e.g., Ti), whereas those with øM < ø*O
condense only through olation (leading to hydroxide
precipitation, e.g., Zn) and those with øM > ø*OH
condense only through oxolation (leading to poly-acid
formation, e.g., V).

The first hydrolysis product of a titanium salt, [Ti-
(OH)(OH2)5]3+, deprotonates spontaneously and then
undergoes intramolecular oxolation to the monomeric
[TiO(OH2)5]2+ cation and olation to the neutral dimer
[Ti2O2(OH)4(OH2)4].25 Although the formation of an
octameric [Ti8O8(OH)12]4+ polycation has been re-

ported,26 linear-chain polycondensation seems to be
energetically favored (in contrast to the case for the
bigger Zr4+ ions27). The formation of different titania
polymorphs can be explained by the occurrence of
deoxolation steps (i.e., OdTi-OH2 f HO-Ti-OH)
during the further condensation of the octahedrons:
Olation of the dimers in equatorial positions, followed
by deoxolation and subsequent oxolation between the
linear chains, leads to the rutile structure. In contrast,
if the deoxolation occurs before the olation, the dimers
condense in apical positions, leading to the anatase
structure.25

Role of Complexants during Hydrolysis. As noted
before, complexation by anions has an important influ-
ence on the formation of the condensed phases. At a
given hydrolysis ratio, complexation occurs if the elec-
tronegativity øp of the resulting metal complex is higher
than the anion’s electronegativity øX but lower than the
electronegativity of the fully protonated anionic species
øHX.25 If stable complexes are formed, monovalent anions
transform the network and lead to basic salt precipita-
tion (i.e., including the anion in the precipitate). Mul-
tivalent anions can be eliminated through ionic disso-
ciation if the electronegativity of the metal species is
lower that that of a partially protonated anion (øX e øp
e øHX). In such a case, the resulting precipitate remains
free of anions.

According to this analysis, electronegativity-pH dia-
grams are direct guides in predicting whether complex-
ation occurs. To compute the electronegativity of the
peroxo and hydroperoxo anions in aqueous solution,
their first coordination sphere has to be included. As
no data are available for the solvated anions, solid
compounds were used as a reference. Coordination of
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Figure 5. Cross-sectional TEM micrograph of a titania film on sulfonated SAM, deposited in 6 h at 80 °C.

olation M-OH + M-OH2 f M-OH-M + H2O (1)

oxolation M-OH + HO-M f M-O-M + H2O (2)
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the peroxide anion by eight water molecules was found
in Na2O2‚8 H2O,28 whereas the hydroperoxo anion
coordinates with one water molecule in LiHO2‚H2O.29

The calculated results (Figure 6; see appendix for
derivation of the data) indicate the formation of a stable
peroxo complex even under strong acidic conditions, in
agreement with experiment.17,18 Mühlebach et al.17

suggested the formation of amorphous peroxotitanium
hydrate TiO(O2)‚aq at pH ≈ 1-3. Deposits by electro-
generated base have also been reported to consist of
peroxotitanium hydrate.30 The formation of such a
“basic salt” is consistent with the analysis based on the
calculated electronegativities, i.e., øHX e øq e øH2X (2.3
e 2.7 e 2.7 for M ) [Ti(O2)OH(H2O)3]+). Therefore, it
seems plausible that the amorphous part in the present
films is formed by peroxotitanium hydrate or, after
thermal decomposition at the deposition temperature,
by titanium oxide hydrate. The formation of anatase
nanocrystallites seems to be related to the deposition
mechanism (see below).

Such electronegativity-pH diagrams are also helpful
to understand how and why different anions influenced
the TiO2 thin film deposition from aqueous solution in
previously published work. According to our calcula-
tions, complexation of solvated titanium ions by Cl-

would only be possible under neutral conditions (i.e.,
under conditions where hydrolysis and complexation
already dominate). Others have shown experimentally
that chlorine can only enter the inner coordination
sphere of titanium if there is insufficient water for
coordination.31 Shin et al.6 found that their films
deposited from 0.5 M TiCl4/6 N HCl to consist of densely
packed, randomly oriented anatase crystallites sur-
rounded by a thin amorphous layer. The films contained
only a small amount of chlorine (typically less than 1
wt %), in agreement with the instability of the chlorine
complexes.32 According to the XPS spectra of the films,
the oxygen-to-titanium ratio is close to 2:1,6 indicating
the high stoichiometry of a product formed from highly
acidic conditions. (Films deposited by Huang et al.13,33

under similar conditions showed significant Si signals
in their XPS spectra; therefore, the reported oxygen-to-
titanium ratio of ∼3:1 includes oxygen from the sub-
strate.)

In contrast to chlorine, stable fluorine complexes
should also be formed under acidic conditions (Figure
6a), in agreement with the experimental observations.16

Therefore, the LPD films typically contain a significant
amount of fluorine: 7.2 mass % of F was found in TiO2
powder deposited from the LPD solution.34 However, the
flourine content seems to favor the crystallinity of the
film, as Koumoto et al.15 found highly (004) oriention of
their anatase thin films after deposition from an am-
monium titanium fluoride solution even at pH ≈ 2.9.

By calculation, the bivalent lactate anion leads to
stable complexes for pH ≈ 1-12 (Figure 6b), which is
in good agreement with the precipitation and film-
formation conditions reported by Baskaran et al.7 They
found a mixture of anatase and the less compact
structure type TiO2 (B)35 in the precipitates, whereas
the films were predominantly crystalline TiO2 (B) with
amorphous TiO2 as a minor phase. (Films on polycar-
bonate consisted of amorphous, hydrated TiO2 only.) On
the basis of an electronegativity analysis, because øX e
øq e øHX (2.1 e 2.1 e 2.3 for [Ti(C3H4O3)2(OH)2]2-), the
lactate anion can be eliminated during film growth, in
agreement with experiment.

Deposition Mechanism. Heterogeneous nucleation
and surface-directed growth is suggested to be the
principal deposition mechanism in the liquid-phase
deposition process, strongly supported by the orientation
of the films.15 The same argument holds for goethite
films deposited on SAMs under limited experimental
conditions.36,37 It was suggested that a substrate with
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Figure 6. Electronegativity-pH diagram for complexation of
Ti4+ by the q-protonated anion Xn-. Stable complexes are
formed between the curves, whereas outside the curves,
hydrolysis or ionic dissociation occurs (see text for details; lac
) C3H4O3

2-).
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suitable surface chemistry induces film formation at
levels of supersaturation that do not sustain homoge-
neous nucleation.38

As is discussed in more detail elsewhere,39,40 we
believe that films on functionalized SAMs can also be
formed via attachment to the substrate of nanosized
particles formed in the bulk solution. For a particle
attachment mechanism, the net attraction results from
the summation of electrostatic, van der Waals, and
hydration interactions. When the diameter of the par-
ticles exceeds a size of ∼10 nm, these forces will be
neglibly small.41 Therefore, such particles do not con-
tribute to the film growth, in agreement with the film’s
microstructure. Whereas van der Waals forces are
always attractive and hydration forces repulsive, the
electrostatic term depends on the functionalization of
the surface. For a positively charged titania colloidal
particle, the sulfonate groupsdeprotonated even in
acidic solutionsleads to attraction, whereas the proto-
nated amine group leads to repulsion. As a consequence,
the net attraction is highest for sulfonated SAMs, in
agreement with the experimental results. Whereas film
formation starts early on sulfonated SAMs, for both of
the other investigated functionalities, the induction time
is large. Heterogeneous nucleation, which competes with
the particle attachment mechanism, could explain the
initially islandlike growth on the latter SAMs. It should
be pointed out that films were not formed directly on
piranha-oxidized silicon (i.e., also hydroxyl-terminated),
indicating the higher reactivity of the SAM’s headgroup
or the higher density of the functional group in the SAM.
Others6,7 have also reported that no films were formed
on the native surface oxide or on wafers that had been
treated to optimize the number of surface OH groups,
with the notable exception of the LPD films.15,16

In contrast to the present films on sulfonated SAMs,
titania films deposited from strong acidic aqueous
solution (0.5 M TiCl4/6 M HCl) showed a background
roughness on a finer scale (<10 nm).40 Such surface
roughness is in agreement with the size of the nanoc-
rystallites that form the films, whereas the surface
morphology seems to be influenced by additional factors
in the present work. Islandlike growth in the very
beginning of the deposition might contribute to the
topography of the final film. However, AFM investiga-
tions of LPD-grown titania thin films showed a compa-
rable microstructure, with particles ∼50 nm in diameter
(by heterogeneous growth mode) and some large par-
ticles (>500 nm) that are considered to be formed in the
bulk of the solution.34 Likewise, Xiao et al.42 observed
particles of ∼100 nm in size and ∼12 nm in height in
AFM micrographs of titania films grown on sulfonated

SAMs, whereas mixed -SH and -SO3H monolayers led
to particle sizes up to 200 nm.

V. Conclusions

Thin titania films were successfully deposited from
an aqueous titanium peroxide solution at 80 °C. Calcu-
lated electronegativity-pH diagrams proved to be useful
tools for predicting and understanding the chemistry
of the formed condensed phases. The predominant effect
of the sulfonic acid surface group in promoting the film
growth has been shown, which is in agreement with
several other reports8,36,43,44 and with the suggested role
of acidic groups in protein structures in biomineraliza-
tion.45 The presence of an uncharged or positively
charged surface does not generally exclude film forma-
tion. However, changes in deposition mechanism occur
that led here to nonuniform, partially opaque films
under identical experimental conditions. Future inves-
tigations are necessary to fully understand the deposi-
tion mechanisms.
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Appendix

The starting point for computing the pH ranges for
complexation of the hydrolyzed metal cation Mz+ by the
anion Xn- is the reaction

where z is the oxidation state of the metal, h is the
hydrolysis ratio, N is the coordination number, n is the
valency of the anion, m is the number of coordinated
anions, and R is the coordination mode of the anion (R
) 1 for monodentate ions and R ) 2 for bidentate
anions).

Briefly, the mean electronegativity of the complexed
metal species øp has to be equalized with the mean
electronegativity øq of the q-protonated form of the anion
Xn-. If charge conservation within the complexed species
is applied, a critical hydrolysis ratio hq* can be calcu-
lated from this equation, which is converted into a
critical pH value, pHq*. A detailed calculation is pre-
sented in ref 25.
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[M(OH)h(OH2)N-h](z-h)+ + mXn- T

[M(OH)hXm(OH2)N-h-mR](z-h-mn)+ + mRH2O (A.1)
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The final function of øq is

with

Equation A.2 was used to calculate the data for Ti4+

cations with z ) 4, N ) 6, and øM
0 ) 1.32 (Figure 6).

The mean electronegativities of all molecular species
were calculated from the electronegativities of the
elements according to the partial charge model by the
equation

CM001227W

pHq* ) 78.057 - 28.571 ×
øq(∆ + 5.732R + 2.064q) - 4.071(3.507R + 2.064q)

∆ + (1.408R + 0.507q)øq - (3.507R + 2.064q)
(A.2)

∆ ) z - 2.225N - (4.071 - øM
0)/(1.36xøM

0)

ø )

∑
i

xøi
0 + 1.36z

∑
i

1

xøi
0

(A.3)
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